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Scott-Strachey’s semantics

types : complete partial orders 1/O flow
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types : complete partial orders 1/O flow
programs : sup preserving functions [[*®®"""""="eenE==s=m=== " divergence
approximants : compact elements Morris’s observational pre-order

Girard’s quantitative semantics Quantitative properties

types : vector spaces L sssssssssssssssansnnnnn| ¥ Stepstotermination

programs : power series # calls to argument
approximants : polynomials probability to get the output
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Road Map

@ Weighted relational semantics

» the category R
» %M is a model of Linear Logic

@ A prototypical functional language

> types and terms
> operational semantics
» denotational semantics R’

@ What can we observe?

» parametric adequacy
> some instances

Pagani (LIPN, Paris 13) Coquas Tutorial Logoi, Torino 2013 3/32



Road Map

@ Weighted relational semantics

» the category R
» %M is a model of Linear Logic

3 P-A. Meliiés.
Categorical Semantics of Linear Logic
Panoramas et Synthéses, vol. 27, 2009.

@ J. Laird and G. Manzonetto and G. McCusker.
Constructing Differential Categories and Deconstructing Categories of Games.
Information and Computation, vol. 222, 2013.

Pagani (LIPN, Paris 13 Coquas Tutorial Logoi, Torino 2013 3/32
[¢] q



From Relations. ..
Relational semantics
Objects: sets A, B, C, ...
Morphisms: relations, i.e. subsets in A x B
iy é ¥
Composition: A— B—C

¢:9 = {(a,¢)| 3b,(a,b) € pand(b,c) € ¥}
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#:¢ = {(a,c) | 3b,(a,b) € pand(b,c) € Y}
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From Relations. ..

Relational semantics
Objects: sets A, B, C, ...
Morphisms: relations, i.e. subsets in A x B

i.e. matrices in BOoL*?

Composition: A o B s (o}

&y = {(aa C) | 3b, (a, b) € and(b, C) € d)}
(¢; ¢)a,c é \/ ¢a,b A Ybc
beB

May we generalize to other structures than BOOL?
Ingredients:

@ finite commutative multiplication A,

@ indexed commutative sum \/,

@ distributivity.

Pagani (LIPN, Paris 13) Coquas Tutorial Logoi, Torino 2013

4/32



From Relations. .. to Weighted Relations

A structure R = (R, -, 1, ") is a complete commutative semi-ring whenever:
@ - is a finite commutative multiplication with neutral element 1,
@ > is an indexed commutative sum (empty sum being 0),

o distributivity: > k1 - p = (3, k1) - p.
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@ > is an indexed commutative sum (empty sum being 0),

o distributivity: > k1 - p = (3, k1) - p.

Example
@ BooL = ({0,1},A,1,V), @ A= (NU/{+o0,—oc},+,0,sup)
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From Relations. .. to Weighted Relations

A structure R = (R, -, 1, ") is a complete commutative semi-ring whenever:
@ - is a finite commutative multiplication with neutral element 1,
@ > is an indexed commutative sum (empty sum being 0),
o distributivity: > k1 - p = (3, k1) - p.

Example
@ BooL = ({0,1},A,1,V), @ A= (NU/{+o0,—oc},+,0,sup)
o N =(NU{cc},-,1,2), o R+ =(R"U{o0},-,1, ),

o T = (NU{oo},+,0,inf),

M-weighted relational semantics
Objects: sets A, B, C, ...
Morphisms: matrices in /4% 8

Composition: A o B s C

¢i ’¢'a,c = Z ¢a,b . ¢b,c

beB
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Linear Functions and Duals

We have some key isomorphisms.

MRAXB ~ Lin(RA, MB)
o Take ¢ € W**5, define Fun (¢) (X)s =3, ¢ab - Xa
o Take ¢ € Lin(%*, %), define Mat (¢),, = ¢(€a)s
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o Take ¢ € Lin(%*, %), define Mat (¢),, = ¢(€a)s

The interpretation of a proof of A+ B is then
a matrix in "8 aswellas  alinear function R* — KRB
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Linear Functions and Duals

We have some key isomorphisms.

RAXB ~ Lin(RA, |B)
o Take ¢ € W**5, define Fun (¢) (X)s =3, ¢ab - Xa
o Take ¢ € Lin(%*, %), define Mat (¢),, = ¢(€a)s

The interpretation of a proof of A+ B is then
amatrix in 3% aswellas  alinear function " s RE

Lin(9%A, :|B) ~ Lin((RB)*, (/4)*), where (94)* £ Lin(%4, %)

o Take ¢ € Lin(R*,:%5), define ¢* € Lin((R®)*, (RY)*) as: ¢ — (x — ¥(d(x)))
e Take ¢ € Lin((R%)", (®")"), define ¢~ € Lin(R*, %) as: x — (¢(e5)(x)),
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Linear Functions and Duals

We have some key isomorphisms.

RAXB ~ Lin(RA, |B)
o Take ¢ € W**5, define Fun (¢) (X)s =3, ¢ab - Xa
o Take ¢ € Lin(%*, %), define Mat (¢),, = ¢(€a)s

The interpretation of a proof of A+ B is then
amatrix in 3% aswellas  alinear function " s RE

Lin(9%4, :8) ~ Lin((R8)*, (R4)*), where (94)* £ Lin(%4, %)

o Take ¢ € Lin(R*,:%5), define ¢* € Lin((R®)*, (RY)*) as: ¢ — (x — ¥(d(x)))
e Take ¢ € Lin((R%)", (®")"), define ¢~ € Lin(R*, %) as: x — (¢(e5)(x)),

Then, a morphism is the denotation of both
aproofof AFB  aswellas  aproof of Bt - At

AL . PR N U TSR Y I DU SO S SR

_ PUTT. -
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Denotation of the Multiplicatives

Types: [A*] £[Al,
[A® B] = [A% B] = [A— B] 2 [A] x [B]
[1] = [L] 24},

Pagani (LIPN, Paris 13) Coquas Tutorial
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Denotation of the Multiplicatives
Types: [A*] £[Al, ie. ’[A7] = (mIA)* = ,IA
[A®B]=[ARB]=[A— B]2[A] x [B] i.e. RMAIXIBI — RIAl & RIB]
[1] = [L] =4}, .m0t m
V bilinear ¢ : R x RE — RC,
3! linear ¢ : R @ RE — MC, sit.

$(x.y) =o' (x®y)
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Denotation of the Multiplicatives

Types: [A*] £[Al, ie. ’[A7] = (mIA)* = ,IA
[A®B]=[ARB]=[A— B]|2[A] x [B] i.e. RIAIXIB] — RIAl & RIB]
[1] = [L] &{=}, ie. T =n

Proofs: letl' = Ay,...,Apand A = By, ..., Bp, a proof ¢ of I - A is interpreted by

a matrix in RIVAIILIB] a5 well as a linear function & miAal X w51
i J
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Denotation of the Multiplicatives

Types: [A'] 2 [A],
[A®B]=[ARB]=[A— B]|2[A] x [B] i.e. RIAIXIB] — RIAl & RIB]

ie. :AT] = (R4 — R4
(=)

] = [L] ={x}, ie. w0 —m

Proofs: letl' = Ay,...,Apand A = By, ..., Bp, a proof ¢ of I - A is interpreted by

a matrix in RIVAIILIB] a5 well as a linear function & miAal X w51
i J

100 ...
[[Ma"]ﬁ(g”") X X
¢ Y N
H—BH_ABI—A cutl =4 ¢ X = P(p(x))
[F7 o, =1 K
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Denotation of the Multiplicatives

¢
r FLAv A ege - ¢c,(a d)
L r,A FA (c,a),d
(b yAN
F,A}—A Or :d’(ca)d
| T-AS A oad)
¢
A
r'EA =c,a
H FAL L bottom e
¢
rA-B = Po,(a,b)
I'FA—B (c,a),b
¢ Y .
rcA A+ B = P(c,a) * V(d,b)
NAFA®B (c,d),(a,b)
Pagani (LIPN, Paris 13) Coquas Tutorial

x®y— o(x)(y7)
x— Mat(y — o(x®y™))

X@Y Y d(X)a Y
X — Mat(y — ¢(x ®y))

X® Y= ¢(X) @(y)
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Denotation of the Additives

Types: [0] =[T] =0
[A&B]=[A® B] =[A]¥[B]
[&felAiﬂ = [[eaie/Ai]] = Ufe/{i} x [Al]

Pagani (LIPN, Paris 13) Coquas Tutorial
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Denotation of the Additives

Types: [0] =[T] =0 i.e. R’ = {0}
[A& B] = [A® B] = [A] & [B] i.e. RIAIWIBT — =141 o RIET
[&ici Al = [Bic) Al = Ui A1} x [A] Le. RUetIAT = @, Al

v object A, %" = (P %
acA
R is the infinite biproduct completion of %
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Denotation of the Additives

Types: [0] =[T] =0

[A&B]=[A® B] =[A]¥[B]
[&felAiﬂ = [[eaie/Ai]] = Ufe/{i} x [Al]

Proofs:
[TFT P] =0
¢1 ¢2 N
r |7 A1 r F A2 & = ((z)i)c,a

T A &A; e
¢ ' if =1
HM @1 = {ﬁc’a = 2.
M- A1 @Ag ¢ ia = 2.
¢ A {0 ifi=1
A = )
|[ M- Ao A 692_ ) dca ifi=2.

Pagani (LIPN, Paris 13)

Coquas Tutorial

i.e. R0 = {0}

x—0

X = $1(X) © ¢2(x)

X—o(x)®0

X — 0@ ¢(x)

Logoi, Torino 2013
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Denotation of the Exponentials

Types: [1A] = [2A] = My ([A]) o A =
= Sym(%*) £ @, Sym"(R*)
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Denotation of the Exponentials
Types: ['A] = [?A] = M; ([A]) i.e. RIAT = yMi(IAD)

= Sym(R*) £ @, Sym”(:*)

V bilinear and symmetric ¢ : R x RA — R,
3! linear ¢ : Sym?(RA) — RC, sit.

B(X,y) = ' (x ®s y)
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Denotation of the Exponentials

Types: ['A] = [?A] = M ([A])

Proofs:

Pagani (LIPN, Paris 13)

yee

lem

lle,m

>

1>

>

i mIAl — g3 Mi(TAD)

itm=[],

if m=al,

Z Pe,(my,mp)

my,my
my+mo=m

> oma

Coquas Tutorial

otherwise.

otherwise.

= Sym(%*) £ @, Sym"(R*)

X— d(x)®0

x—0Do(x)®0

X 2777
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Road Map

@ Weighted relational semantics

» the category R
» %M is a model of Linear Logic

3 P-A. Meliiés.
Categorical Semantics of Linear Logic
Panoramas et Synthéses, vol. 27, 2009.

@ J. Laird and G. Manzonetto and G. McCusker.
Constructing Differential Categories and Deconstructing Categories of Games.
Information and Computation, vol. 222, 2013.

Pagani (LIPN, Paris 13) Coquas Tutorial Logoi, Torino 2013 11/32



Road Map

@ Weighted relational semantics
» the category R
» %M is a model of Linear Logic

@ A prototypical functional language
> types and terms
> operational semantics
» denotational semantics R’

@ G. Plotkin
LCF considered as a programming language
Theoretical Computer Science, 1975.

[& J.-Y. Girard.
Normal Functors, power series and lambda-calculus
Annals of Pure and Applied Logic, 1988.
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PCF% Types and Terms

Types: Bool|Int |A=B

Terms: x| Ax*.P | (P)Q | £ix(P) A-calculus with recursion
| n| P—1| P41 | iszero(P) arithmetic
| tt | ££ | if(N, P, Q) booleans

@ PCF° extends PCF by adding a non-deterministic primitive Coin.
@ PCF” extends PCF° by adding a scalar multiplication «M, for every « € 9.

Example

1>

or = AX®PL Ay i (X, tt, ¥)

Q

>

fix(Ax?.x)

Fix(AFZE XA M)

>

letrecA7BxA =M

1>

dowble = letrec P71 X = if(iszero(x), 0, ((f) (X—1))+1+1)

>

waittt

letrec fPOPITB0N x®90h — £ (x, tt, (f) X)
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PCF% Types and Terms

MNx:AFx:A l-n:1Int [Ftt :Bool I+ ff : Bool

rx:A-M:B r’FM:A=B THN:A rFM:A=A

r-xx*M:A= B r-(M)N:B M= fix(M) : A
'EP:Int l-P:Int HP:Int

[P+l :Int [FP-1:1Int Ik iszero(P) : Bool

FM:Bool Fr'EN:A r'EP:A
r=if(M,N,P): A

Fr=M: A
[F Coin: Bool Fr-=sM:A

Pagani (LIPN, Paris 13) Coquas Tutorial Logoi, Torino 2013
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PCF? Operational Semantics — Small Step

Example (or = AxBeot \yBool if(x, tt, y))

((or)tt) ££

tt
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PCF? Operational Semantics — Small Step

Example (or = AxBeot \yBool if(x, tt, y))
((or)tt) ££ 25 (A*°"y. if(tt, tt,y)) ££
5 If(tt, tt, £f)
it
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PCF? Operational Semantics — Small Step

Example (or = AxBeot \yBool if(x, tt, y))
((or)tt) ££ 25 (At if(tt, tt,y)) ££
If(tt, tt, £f)

EN
Lot
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PCF% Operational Semantics — Small Step

Example (or = AxBeot \yBool if(x, tt, y))

((or)tt) ££ 25 (At if(tt, tt,y)) ££
I

£(tt, tt, £f)

EN
Lot

Redex-to-contractum rules
(/\XA.M) NS M{N/x}  £ix(M) 5 (M) £ix(M)

iszero(Q)#tt iszero(n—|—1)i>ff n+l S n+1 n+1-135n

if(tt, M,N) 5 M if(£6, M,N) 5 N  Coin-5tt  Coin-5ff kMM
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PCF% Operational Semantics — Small Step

Example (or = AxBeot \yBool if(x, tt, y))
((or)tt) ££ 25 (At if(tt, tt,y)) ££
5 If(tt, tt, £F)

Lot

Redex-to-contractum rules
(/\XA.M) NS M{N/x}  £ix(M) 5 (M) £ix(M)

iszero(Q)#tt iszero(n—|—1)i>ff n+l S n+1 n+1-135n

if(tt, M,N) 5 M if(£6, M,N) 5 N  Coin-5tt  Coin-5ff kMM

v

Contextual rules supposing M =

if Mnota A, (M)P = (N)P iszero(M) = iszero(N)
M-+1 5 N+1 M—1 5 N—1 if(M, P, P") & if(N, P, P

N

v
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PCF% Operational Semantics — Small Step

Example (or = AxBeot \yBool if(x, tt, y))
((or)tt) ££ 25 (At if(tt, tt,y)) ££
5 If(tt, tt, £F)

5t
e
Redex-to-contractum rules if(P,M, P") & if(P, N, P")
(AXA.M) N L MIAA if(P, P, M) 5 if(P, P', N)
iszero(0) L tt are not allowed “n
- (P)M = (P)N I
if(tt, M, N) 5 M >t nsff kMESM
is not allowed o’
Contextual rules supposing M = N

if Mnota A\, (M)P = (N)P iszero(M) &  szero(N)
M+1 5% N+ M-1 5 N1 if(M, P, P") & if(N, P, P)

v
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PCF? Operational Semantics — Small Step

Example (22 fix(Ax*.x))
[gREN )\XA.X) fFix(Ax? .x)

LQ

Example (3Coin)

1
—Coin = Coin

2
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PCF*

(doole) 1 5

Example (douole £ letrec fint=>Int yInt _ if (iszero(x), 0, ((f) (x
((MF.Ax. if(iszero(x), 0, ((F) (X—1))+1+1))double)1
L (Ax. if (iszero(x), 0, ((couble) (X—1))+1-+1))1
L if(iszero(1),0, (dowble) (1-1))+1+1)
L i£(££, 0, ((double) (1—1))+1+1)
L ((double) (1-1))+1+1
L (MAx. if(iszero(x), 0, ((F) (x—1))-+1+1))double)) (1—1)+1+1
L ((\x. if (iszero(x), 0, ((dodbole) (x—1))4+141))) (1-1))+1 -+
1, (i (iszero((1-1)), 0, ((cowbile) (1-1)-1))41+1)))+1+1
1, (if(iszero(0), 0, ((double) ((1—1)—1))+1+1)))+1+1
L (4f(tt, 0, ((doble) (1-1)—1))H+1))+H+4 B ov+ 5 141

Operational Semantics — Small Step

—1))+1+1))

L2
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Operational Semantics — Small Step

PCF”

Example (waittt 2 Jetrec fRool=Bo0l yBool _ if(x, tt, (f) X))
((MFAX. 1E(x, tt, () X)) wadttt) (%Coin)
(Ax.if(x, tt, (weittt) X)) (%Coin)

(wedttt) (1 C01r1)
lf((ZCOln) tt, (Wa_lttt)( COln))

=

if(Coin, tt, (wa_lttt)( C01n))

L

o 5 if(tt,tt (walttt)( COln))

Lot

o 5 if(ff,tt (walttt)( C01n))

5 (waittt) (%COJ_D)

Coquas Tutorial

v

Logoi, Torino 2013 17/32
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PCF% Operational Semantics — Big Step

Definition
Let M be a closed term of ground type (i.e. Bool, Int),
let V € {tt, £f, n}, define

MU=V iff k= > ﬁm

M Fyy =1

Pagani (LIPN, Paris 13) Coquas Tutorial Logoi, Torino 2013
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PCF% Operational Semantics — Small Step

Example (or = AxBeot \yBool if(x, tt, y))
((or)tt) ££ 25 (At if(tt, tt,y)) ££
5 If(tt, tt, £F)

Lot

Redex-to-contractum rules
(/\XA.M) NS M{N/x}  £ix(M) 5 (M) £ix(M)

iszero(Q)#tt iszero(n—|—1)i>ff n+l S n+1 n+1-135n

if(tt, M,N) 5 M if(£6, M,N) 5 N  Coin-5tt  Coin-5ff kMM

v

Contextual rules supposing M =

if Mnota A, (M)P = (N)P iszero(M) = iszero(N)
M-+1 5 N+1 M—1 5 N—1 if(M, P, P") & if(N, P, P

N

v
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PCF? Operational Semantics — Small Step

Example (22 fix(Ax*.x))
[gREN )\XA.X) fFix(Ax? .x)

LQ

Example (3Coin)

1
—Coin = Coin

2
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PCF*

(doole) 1 5

Example (douole £ letrec fint=>Int yInt _ if (iszero(x), 0, ((f) (x
((MF.Ax. if(iszero(x), 0, ((F) (X—1))+1+1))double)1
L (Ax. if (iszero(x), 0, ((couble) (X—1))+1-+1))1
L if(iszero(1),0, (dowble) (1-1))+1+1)
L i£(££, 0, ((double) (1—1))+1+1)
L ((double) (1-1))+1+1
L (MAx. if(iszero(x), 0, ((F) (x—1))-+1+1))double)) (1—1)+1+1
L ((\x. if (iszero(x), 0, ((dodbole) (x—1))4+141))) (1-1))+1 -+
1, (i (iszero((1-1)), 0, ((cowbile) (1-1)-1))41+1)))+1+1
1, (if(iszero(0), 0, ((double) ((1—1)—1))+1+1)))+1+1
L (4f(tt, 0, ((doble) (1-1)—1))H+1))+H+4 B ov+ 5 141

Operational Semantics — Small Step

—1))+1+1))

L2
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Operational Semantics — Small Step

PCF”

Example (waittt 2 Jetrec fRool=Bo0l yBool _ if(x, tt, (f) X))
((MFAX. 1E(x, tt, () X)) wadttt) (%Coin)
(Ax.if(x, tt, (weittt) X)) (%Coin)

(wedttt) (1 C01r1)
lf((ZCOln) tt, (Wa_lttt)( COln))

=

if(Coin, tt, (wa_lttt)( C01n))

L

o 5 if(tt,tt (walttt)( COln))

Lot

o 5 if(ff,tt (walttt)( C01n))

5 (waittt) (%COJ_D)

Coquas Tutorial

v

Logoi, Torino 2013 22/32

Pagani (LIPN, Paris 13)



PCF% Operational Semantics — Big Step

Definition
Let M be a closed term of ground type (i.e. Bool, Int),
let V € {tt, £f, n}, define

MU=V iff k= > ﬁm

M Fyy =1
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PCF% Operational Semantics — Big Step

Definition
Let M be a closed term of ground type (i.e. Bool, Int),
let V € {tt, £f, n}, define

MU=V iff k= > ﬁn/

M Fyy =1

@ VM e PCF, the correspondence M}! V is a partial function:
terms — values

Theorem (Turing completeness)

A partial function ¢ : N — N is partial recursive iff there is a closed PCF term
M : Int = Int such that
¢(m) = n iff (M)ymy' n

Proof.
= minimization is given by letrec,

< the evaluation M{' V is partial recursive, via Gédel-numbering of PCF. O

Pagani (LIPN, Paris 13) Coquas Tutorial Logoi, Torino 2013 23/32




PCF? Denotation of Types

Ground Types
[Bool] &{tt, £} i.e. W = {(k, )| K, p € R}
[Int] &N i.e. R = {(Kn)nen | kn € R}
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PCF% Denotation of Types

Ground Types
[Bool] &{tt, ££} i.e. R = {(k, )| K, p € R}
[Int] 2N i.e. R = {(Kn)nen | kn € R}
Higher order Types A= B=1A—-8B
[A = B] = ['A— B] = M ([A]) x [B]
(8, p) (v, p")
(PX)tt = P[],tt
+ Plej,e X
a4 P[o,o],ttx

+ P[c,o,.],ttx

V.
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Ground Types
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[Int] &N i.e. R = {(kn)nen | kn € R}
Higher order Types A=B=!A—B

[A= B] = ['A— B] = M; ([A]) x [B]

(v 0")

(PX)tt = P[],tt
+ Pieey,ec Xer + Plee, e Xee
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(PX)tt = P[],tt
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PCF% Denotation of Types

Ground Types
[Bool] &{tt, ££} i.e. W = {(k, p) | K, p € R}
[Int] &N i.e. R = {(kn)nen | kn € R}
Higher order Types A=B=1A—-B

[A= B] = ['A— B] = M; ([A]) x [B]

(K,p) (H/,p/)

(PX)tt = P[],tt
+ Ppee)ee Xee + Plee),ee Xee

+ P[tt,tt],ttxft + P[tt,ff],ttxttxff ar P[ff,ff],ttxlgf

+ P[tt,tt,tt],ttht + P[tt,tt,ff],ttxgtxff + P[tt,ff,f_f],ttxttxf2f + P[ff,ff,ff],ttng

= Z P X0 5 ME0) < power series in the unknowns X and x:
meMi({t,f£})

V.
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PCF™% Denotation of Terms

LetT = xq : Aq,..., X, : A, atyping judgement I - M : Bis interpreted by [M]",

M;(A)x B

a matrix in 11 ie.  apowerseries [ R4 - %®

I
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PCF™% Denotation of Terms

LetT = xq : Aq,..., X, : A, atyping judgement I - M : Bis interpreted by [M]",

M;(A)x B

a matrix in 11 ie.  apowerseries [ R4 - %®

i

1 ifr=[],b=rtt,
], = 1
[ee1rs = {0 otherwise. u(1,0)

if r=1[], b= £,
Iod = 1
€T, s { otherwise. u(0.1)

[£(N.P. Q)7 , = 3" Gfﬂ[[’;\}ﬁtf. [Uf]][[,ai: b) u e [N (). [P (U) + [N] (W) [QI (u)

(r1,r2)
H+r=r
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PCF™% Denotation of Terms

0 otherwise.

[coin]}, = {1 if r=1[],b=rtt, £f,

[&MI}, = & ML,

r a1 ifr=[],b=n,
n =
[0 {0 otherwise.

N
[[P_l]][,b: [[P]];bw
N
[[P+l]][,b:[[P]]£,b—1

[iszero(P)I , Z(IPD}o, > [PIF,)

n>0

Pagani (LIPN, Paris 13)

Coquas Tutorial

u—(1,1)

U k& [M] (u)

U en

v ([P ()1, IP) (W2, [P] (U )

u (0, [P] (u)o, [P (W1, )

u = ([P](u)o, > IPI" (u)n)

n>0

Logoi, Torino 2013 26/32



PCF™% Denotation of Terms

X:A, I' 1 iftm= [a]!
= V.U v
[x ]] {0 otherises. ~
i
[[/\XA.M]]r . 2 [M]5s u — Mat (v — [M] (u, v))

[(MN], = > Z[{Mﬂ,ummH[[Nﬂ,,a, v [M] (v, [N] (v))

meMi(A) (fo,--rn)
where m = [a1,. .., an)
rxA

[£ix(M )ﬂrb—SUp [£1="(M)] ) s u — stp [M] (u, (... (IM] (v, 0))))
n=0 —— —/ ™ ™

ntimes
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PCF™% Denotation of Terms

X:A, I' 1 iftm= [a]!
= V.U v
[x ]] {0 otherises. ~
i
[[/\XA.M]]r . 2 [M]5s u — Mat (v — [M] (u, v))

[(MN], = > Z[{Mﬂ,ummH[[Nﬂ,,a, v [M] (v, [N] (v))

me Mg(A) (ro,---,n)
where m = [ay, ..., an]

[ (M), 25 e (M]3, U STp M (u, (... (IM](1,0))))
n=0 —— —/ ™ ™

ntimes

ete partial order on fA:
ommutative semi-ring
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PCF™% Denotation of Terms

Example (or = AxBeot \yBool if(x, tt, y))

1 ifm=[tt], p=1]

[orxylmpye = 41 if m=[££], p= [ec], (orXxy)e = Xex + Xee Vi
0 otherwise.
1 if m=[££f], p = [££],

[oeXYNm oy = {0 otherwise. (orxy)er = Xz

Pagani (LIPN, Paris 13) Coquas Tutorial Logoi, Torino 2013
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PCF™% Denotation of Terms

Example (or = AxBeot \yBool if(x, tt, y))

1 iftm=[tt], p=1[],

lorxyl(mpy,e =1 if m=[££], p = [tt], (orXxy)e = Xex + Xee Vi
0 otherwise.
1 it m= [££], p = [£5],

=Xy dimp) e = {0 otherwise. (orxy)er = Xec e

Example (22 £ix(Ax*.x))

[2] =0
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PCF™
Example (or = AxBeot \yBool if(x, tt, y))

it m=[cc], p =1,
if m=[££], p = [tt],

1
[[OIXJ’]](m,p),tt: 1
0 otherwise.

1 itm= [z, p= [£5],
XY im oy ec = {0 otherwise.

Denotation of Terms

(orXxy)e = Xee + Xee Ve

(orxy)s = Xsysr

Example (22 £ix(Ax*.x))

[2] =0

Example (3Coin)

1C i —(1
5Coin| = (3,

N =

)

Pagani (LIPN, Paris 13) Coquas Tutorial

Logoi, Torino 2013
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PCF™% Denotation of Terms

Example (double 2 letrec fInt=108 xI0t — if(iszero(x),0, ((£) (x—1))+1+1))

1 if m=[0], n=0,
(.5 p) iEm=[k", .. k" sleachk >3 h,
[dodolex],, , = s=>,;h>0,i#jimplies k; # k;,
and n = 2s,
0 otherwise.

(doublex)g = Xo

o0
(doblex)s = ) xixXk

k=1

(doblex)s = x1 (D X+ > D> 2% X,) where 2 =1 +1
k=1 k= Jot
27k

Pagani (LIPN, Paris 13) Coquas Tutorial Logoi, Torino 2013
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PCF™% Denotation of Terms

A
Example (waittt = letrec fBoor=Bool xBool — i (x, tt, (f) X))

1 if m=[tt, £f,. .., £f],

ittt X =
[ I {0 otherwise.

o0
(WRittEX)e = D Xee X
k=0

Pagani (LIPN, Paris 13) Coquas Tutorial Logoi, Torino 2013 30/32



PCF™? Denotation of Terms

A
Example (waittt = letrec fBoor=Bool xBool — i (x, tt, (f) X))

1 if m=[tt, £f,. .., £f],
0 otherwise.

[waittex], . = {

o0
(WRittEX)e = D Xee X
k=0

Notice that, taking | = (R+,-, 1,3, <):

I 1 oo 1 ) ] oo
(wa_lttt( Coin)) ; KT = (waittt(Coin))e = ;1 = o0

Pagani (LIPN, Paris 13) Coquas Tutorial Logoi, Torino 2013
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Road Map

@ Weighted relational semantics
» the category R
» %M is a model of Linear Logic

@ A prototypical functional language
> types and terms
> operational semantics
» denotational semantics R’

@ G. Plotkin
LCF considered as a programming language
Theoretical Computer Science, 1975.

[& J.-Y. Girard.
Normal Functors, power series and lambda-calculus
Annals of Pure and Applied Logic, 1988.
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Road Map

@ Weighted relational semantics
» the category R
» %M is a model of Linear Logic

@ A prototypical functional language
> types and terms
> operational semantics
» denotational semantics R’

@ What can we observe?

» parametric adequacy
> some instances

@ V. Danos and T. Ehrhard.

Probabilistic coherence spaces as a model of higher-order probabilistic
computation.

Information & Computation, 2011.

@ J. Laird, G. Manzonetto, G. McCusker, M. Pagani.
Weighted Relational Models of Typed Lambda-calculus.
Proceedings of LICS, 2013.
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Parametrized Quantitative Results for PCF™

Theorem (Adequacy)

For every closed M € PCF™ of ground type (i.e. Bool, Int),

Vvalue V,[M], =« iff MY~V
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For every closed M € PCF™ of ground type (i.e. Bool, Int),

Vvalue V,[M], =« iff MY~V

What are we actually counting ?

This depends on the chosen semi-ring % and fragment of PCF™

x| AP (P)Q| £ix(P) | n| P—1 | P+1 | iszero(P) | tt | ££ | if(N, P, Q) | Coin

R [MIy
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Theorem (Adequacy)

For every closed M € PCF™ of ground type (i.e. Bool, Int),

Vvalue V,[M], =« iff MY~V

What are we actually counting ?

This depends on the chosen semi-ring % and fragment of PCF™

x| AP (P)Q| £ix(P) | n| P—1 | P+1 | iszero(P) | tt | ££ | if(N, P, Q) | Coin
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Parametrized Quantitative Results for PCF™

Theorem (Adequacy)

For every closed M € PCF™ of ground type (i.e. Bool, Int),

Vvalue V,[M], = iff MY~V

What are we actually counting ?

This depends on the chosen semi-ring % and fragment of PCF™

x| AP (P)Q| £ix(P) | n| P—1 | P+1 | iszero(P) | tt | ££ | if(N, P, Q) | %Coin

R (M,
N,-1,3,5) number of paths from M to V
(R+,,1,3,<) probability that M reduces to V [Danos-Ehrhard’11]
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Parametrized Quantitative Results for PCF™

Theorem (Adequacy)

For every closed M € PCF™ of ground type (i.e. Bool, Int),

Vvalue V,[M], =« iff M{"V

What are we actually counting ?

This depends on the chosen semi-ring % and fragment of PCF™

x| AP | (P)Q £ix(P) | n| P—1 | P41 | iszero(P) | tt | ££ | if(N, P, Q) | Coin

R [M]y
(N, 1,5, <) number of paths from M to V
(R+,-,1,3,<) probability that M reduces to V [Danos-Ehrhard’11]
(N, 4,0, min, >) | minimum number of 3 steps to V
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PCF*

(doole) 1 5

Example (douole £ letrec fint=>Int yInt _ if (iszero(x), 0, ((f) (x
((MF.Ax. if(iszero(x), 0, ((F) (X—1))+1+1))double)1
L (Ax. if (iszero(x), 0, ((couble) (X—1))+1-+1))1
L if(iszero(1),0, (dowble) (1-1))+1+1)
L i£(££, 0, ((double) (1—1))+1+1)
L ((double) (1-1))+1+1
L (MAx. if(iszero(x), 0, ((F) (x—1))-+1+1))double)) (1—1)+1+1
L ((\x. if (iszero(x), 0, ((dodbole) (x—1))4+141))) (1-1))+1 -+
1, (i (iszero((1-1)), 0, ((cowbile) (1-1)-1))41+1)))+1+1
1, (if(iszero(0), 0, ((double) ((1—1)—1))+1+1)))+1+1
L (4f(tt, 0, ((doble) (1-1)—1))H+1))+H+4 B ov+ 5 141

Operational Semantics — Small Step

—1))+1+1))

L2
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PCF™ with % = (N, +, 0, min, >)

Example (double 2 1et rec fRE=108 Tt — if(iszero(x), 0, ((f) (X—1))+1+1))

(coble) 1 5 (AFf.Ax. if (iszero(x), 0, ((f) (x—1))+1-+1))double)1

2 (Ax. if (iszero(x), 0, ((double) (x—1))+141))1

2y if(iszero(1),0, ((douole) (1—-1))+1-+1)

2 if(£f, 0, ((douole) (1-1))+141)

2 ((doble) (1-1))+1+1

((MFAx. 1f(iszero(x), 0, ((f) (x—1))+1+1))doiole)) (1—1)+1+L
((Ax. if (iszero(x),0, ((double) (x—1))+1+1))) (1-1))+1+1
(
= (
= (

I o o

if(iszero((1-1)),0, ((dodble) ((1—1)—1))+1+1)))+1+L
if (iszero(0), 0, ((double) ((1—1)—1))+1+1)))+1+L
if(tt, 0, ((double) (1-1)-1))+1+1))+H+ 5 0H+1 > 141 5 2

v
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PCF™ with % = (N, +, 0, min, >)

Example (double 2 1et rec fRE=108 Tt — if(iszero(x), 0, ((f) (X—1))+1+1))

(douole) 1 5 ((Af.1Ax.1 if (iszero(x), 0, ((f) (x—1))+1+1))dodole) 1
% (1Ax.1 if (iszero(x), 0, ((codble) (X—1))+1+1))1

< 1 if(iszero(1), 0, ((codle) (1-1))+1+1)

2 if(££,0, ((codle) (1-1))+1+1)

(doble) (1-1))+1+

(Af.1Ax.1 if(iszero(x), 0, ((f) (x—1))+1+1))double)) (1—1)+1+1

I o o L

if (iszero((1-1)), 0, ((dodbole) ((1—1)—1))+1-+1)))+1+1

(

(

((12x.1 if (iszero(x), 0, ((dodble) (x—1))+141))) (1-1))+1+1
(1

2 (if(iszero(0), 0, ((dople) ((1—1)—1))+1-+1)))+1+L

= (

if(te, 0, ((coble) (1-1)—1))+1+1))H AL = 0+1+1 & 1+ =

N
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Example (douole 2 Jetrec fne=Int yInt if (iszero(x),0, ((f) (x—1))+141))

(dople) 1 = ((Af.1Ax.1 if (iszero(X), 0, ((f) (x—1))+1-+1))doble)1

= (
% (1ax.1 if (iszero(x), 0, ((codble) (x—1))+1+1))1
(/\x.1 if (iszero(x), 0, ((dodole) (x—1))-+1+1))1
= 1 if(iszero(1), 0, ((double) (1-1))+1+1)
1f(lszero( ), 0, ((doble) (1-1))+1+1)

= if(££, 0, ((couole) (1-1))+1+1)

(doble) (1-1))+1+1

(Af.1Ax.1 if(iszero(xX), 0, ((f) (x—1))+1+1))double)) (1—1)+1+1

I e o

(
(
((12x.1 if(iszero(x), 0, ((dodble) (x—1))-+1+1))) (1-1))+1+1
= ((Ax.1 if(iszero(x), 0, ((double) (x—1))+1+1))) (1-1))+1+1
% (1 if(iszero((1-1)), 0, ((dodle) ((1-1)—1))+L-+1)))+1+L
(if (iszero((1-1)),0, ((codle) ((1-1)—1))+1+1)))+1+1
(if(iszero(0), 0, ((doble) ((1-1)—1))+1+1)))+1+L

(if(tt,0, ((Goble) ((1-1)-1))+H1+)))+14+1 > 0+ % 141 > 2
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Parametrized Quantitative Results for PCF™

Theorem (Adequacy)

For every closed M € PCF™ of ground type (i.e. Bool, Int),

Vvalue V,[M], =« iff M{"V

What are we actually counting ?

This depends on the chosen semi-ring % and fragment of PCF™

x| AP | (P)Q £ix(P) | n| P—1 | P41 | iszero(P) | tt | ££ | if(N, P, Q) | Coin

R [M]y
(N, 1,5, <) number of paths from M to V
(R+,-,1,3,<) probability that M reduces to V [Danos-Ehrhard’11]
(N, 4,0, min, >) | minimum number of 3 steps to V
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Parametrized Quantitative Results for PCF™

Theorem (Adequacy)

For every closed M € PCF™ of ground type (i.e. Bool, Int),

Vvalue V,[M], =« iff M{"V

What are we actually counting ?

This depends on the chosen semi-ring % and fragment of PCF™

x| AP | (P)Q £ix(P) | n| P—1 | P41 | iszero(P) | tt | ££ | if(N, P, Q) | Coin

R [M]y
(N, 1,5, <) number of paths from M to V
(R+,-,1,3,<) probability that M reduces to V [Danos-Ehrhard’11]
(N, +,0,min,>) | minimum number of 3 steps to V

(N_,+,0,max, <) | maximum number of 3 steps to V
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Parametrized Quantitative Results for PCF™

Theorem (Adequacy)

For every closed M € PCF™ of ground type (i.e. Bool, Int),

Vvalue V,[M], =« iff M{"V

What are we actually counting ?

This depends on the chosen semi-ring % and fragment of PCF™

x| AP (P)Q| £ix(P) | n| P—1 | P+1 | iszero(P) | tt | ££ | if(N, P, Q) | Coin

R [M]y
(N, 1,5, <) number of paths from M to V
(R+,-,1,3,<) probability that M reduces to V [Danos-Ehrhard’11]
(N, +,0,min, >) | minimum number of 3 steps to V

(N_,4+,0,max, <) | maximum number of 3 steps to V

and more. .. see [Laird-Manzonetto-McCusker-Pagani, 2013]
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Logoi Summer School, Torino 2013
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http://www.pps.univ-paris-diderot.fr/~tasson

Road Map

0 R-Weighted relational semantics for Probabilisitic programs

e Semantics via Intersection Type Systems

e Work on Examples

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013 2/23



Modeling Probabilistic Data and Programs:

Type: set of positive vectors
Program: function seen as a positive matrix
Interaction: composition seen as multiplication

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013
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Modeling Probabilistic Data

Example: nat
ICoin:Int returns the toss of a fair coin.
Random n:Int returns uniformly any {0,...,n—1}.

Non Determinism, a first approximation: |nat|=N.

|3Coin| = {0,1} and |Random n| ={0,...,n—1}

Enriching with positive coefficients: [1nt] C (R¥)".

[[%Coin]] = (%,%,0,...) and [Randomn] = (
1Ly
012

Subprobability Distributions over N:

[1nt] = {(An)neN | ¥n,A\n € R¥ and Z)\,, < 1}
n
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Modeling Probabilistic Programs

Example: Random : Int = Int
Input: an integer n
Output: any integer {0, ..., n— 1} uniformly chosen.

Non Determinism: |[Random| C |Int| X |Int] is a relation.

|Random| ={(n,k) | neN,0<k<n-1}

Enriching with positive coefficients: [Randomn] € (RT)NN.

0o 1 2 n
AN 4 3
1 1 —0
01 3 H
1 1 — 1
0 2 n
0

o
1.
7

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013
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Modeling Probabilistic Programs

Once : Int = Int
Input: an integer x
Output:  if x=0
then %Coin
else 42

Twice : Int = Int
Input: an integer x
Output:  if x=0
then if x=0
then %Coin
else 42
else if x=0
then 42
else 0

Tasson (PPS, Paris 7) Coquas Tutorial

O N=N= O

- O O OO«

o

([0,0], 0)
([o,0], 1)
([0, a],42)
([a, b], 0)
Otherwise

co:

1111
O N N = =

— 0

— 1

if o<a
if 0<a,b

Logoi, Torino 2013
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Modeling Probabilistic Interaction

Probabilistic Data :
If x: Int, then [x] = (Xa)aen
where X, is the probability that x is a.

Probabilistic Program : P : Int = Int
where [P x], is the probability that P x computes b.

’ IIOHC@]] c (@)NXN‘ ‘ [[Twice]] c (W)Mf(N)XN‘
[once x], = [once] - [x] [Twice x], = [Twice] - I«]'
= Z Honceﬂ(a,b) [x]. = Z [[TWice]](m,b) H [[X]];n(a)
acN me M;(N) acSupp(m)
= 3 tmicelon T B
me M;(N (a,i)em
= Z [[Twice]]([a’a,]yb) =], =]
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Weighted Relational Category over R+

Objects: a countable set |.X|

Maps: f:|X| — |V defined as a matrix Mat(f) e (RF)M(IxXDx 1Y

Composition Formula:

)= D Matnx" | = T A
meMq(|X])
acSupp(x)

f can be seen as an entire function f : (R¥)/*l — (R+)/Y!

Adequacy Theorem:

Let M : Int be a closed program. Then for all a € N,

M{"a <= r=Proba(M = a) = [M],.
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Intersection Type system: De Carvalho’s System R with coefficients

Syntactical types:

Semantical types :

Remark: (m, a) = ([cy, ...

Tasson (PPS, Paris 7)

.....

,Cn],@) =ci A--- A cyp — ais an intersection type.
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Semantics and Intersection Type system

var . k<n | F',xAzm)—aM a
—_— na ran abs
XA:[a] Fix:a Fyn:n 1 Rand : ([n], k) r* o AXA,M:(m,a)
n
o/ . i . .
r*" " =q M:(m,b) V(a, i) € m, r(a,i) FB““_) N:a mef(lA\)
app . st. {r® w L+J re . —-r®
. . (m,(F® i )(a,ijem) (a,i)
re +. H(a‘i)em B(a,i) (M)N: b (a,i)’(a,)em (anem
7 . i .
r*’ +q M: (m,b) V(a,i) € m, r(.a,i) Fﬂ(a,/‘j fix(M) : a m./E Mg (JA]) .
fix . st qr®"w 1 rly=r*
B : . (m,(F® \)a,ijem) (a,i)
R (@) @nem (@iem
r® o M:n41 r®FaM:n
pred suce
r* o M—1:n r®* Foq My :n+1
r® g M:0 A® ko N:a . r® g M:n+1 A® o P:a r® o M:a
ifg ifs —/————————— par
r®* wA® gy if(M,N,P):a r® wA® gy if(M,N,P):a r*rox X -M:a

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013



Weighted Judgements :

Terms:

M,N,P:=x | \X*M| (M)N | £ix(M) | 0 | M+1 | M—1 | if(M, N, P) | Rand

Types: A B,C:=Int |A=B
X1 :Ci,... . Xn:ChE-M: A
Web: ((mi,...,mn), @) € (M;(|C1]) x -+ x M;(|Cal)) x |A]|
Weight: w(r)=a e R¥
Definition

Let M be a PPCF term such that - M : A.
The weighted relational semantics of M is given by:

) r=X1ZC1,..47XnZCn
M = > w(x)  where { T*=x7:my,.... x5 :my
m:l*-M:a

The sum is over the finite derivation trees 7 of I'* = M : a. The weight of 7 is w().

7r::x1'"1,...,x,’77’"l—aM:a

ac|Al, and mj e M;(|Ci]), Vie {1,...,n}.

Tasson (PPS, Paris 7) Coquas Tutorial

Logoi, Torino 2013
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Examples Once = AxI"t if(x, $Coin, 42)

p=[ k=01
Ky Rand: (D k) M F2a ™
m = [0] 2
———— var app
X:mbqyx:0 Fi1 (Rand)2: k
2 ify

X:mkbky if(X,%Coin,Q) -k
z abs

k1 AX™".if(x, 2Coin,42) : (m, k)
2

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013
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Examples Once = AxI"t if(x, $Coin, 42)

p=1[2, k=01
y Rand: (p k) M T ™
_m=0 [0] var 2 app
X:mbqyx:0 Fi1 (Rand)2: k
2 ify

X:mkbky if(X,%Coin,Q) -k
z abs

k1 AX™".if(x, 2Coin,42) : (m, k)
2

m=[n+1 . k =42
X:mbkyx:n+1 42 k
X1 mty if(X, 3Coin,42) : k
F1 Ax™C.if(X, 2Coin, 42) : (m, k)

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013
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Examples Once = AxI"t if(x, $Coin, 42)

p=[2],k=0,1 d .
ran —~—~— hal
m = [0] }—% Rand : (p, k) Fi2:2

var

_— app
X:mkyx:0 Fi1 (Rand)2: k
2 ify
X:mkbky if(X,%Coin,Q):k
It.z ] - abs
F1 Ax'"if(X, 5Coin, 42) : (m, k)
2
m=[n+1 k=42
X:mbkyx:n+1 142k .
i
X1 mty if(X, 3Coin,42) : k °

Int - 1 . abs
F1 AXT7F.if(X, 5Coin, 42) : (m, k)
([, 0)-
_ _JC [0 ,1)=3
[oncelma = D @M= ({0111 42) 1 with n € N
( m a) —0 otherwise.

7kOnce:(m,a)
)
Tasson (PPS, Paris 7)
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Examples Once = AxI"t if(x, $Coin, 42)

=[2],k=0,1 d
ran
= : k
m= [O] % Rand (p7 )
var
X:mkyx:0

2.2 2.2 nat

a
Fi1 (Rand)2: k PP
2 ify
X:mkbky if(X,%Coin,Q) -k
2
F1 x4

abs
£(X, 3Coin,42) : (m, k)

m=[n+1] k=42
X:mkyx:n+1 I—1Q:k,f
1
X1 mty if(X, 3Coin,42) : k °
By AXTEAf(x

P abs
7§C01n7472) : (m7 k)

N

? H7
[once]ma = Z w(m) = ([n+1], 42) —1 withneN
7wOnce:(m,a) ( m a) —0 otherwise.

Tasson (PPS, Paris 7) Coquas Tutorial

Logoi, Torino 2013

12/23



Examples Once = AxI"t if(x, $Coin, 42)

p=[2],k=0,1 d .
ran —~—~— hal
m = [0] }—% Rand : (p, k) Fi2:2

— = var
X:mkyx:0

aj
Fi1 (Rand)2: k PP
2

ifo

X :mby if(x, %Coin,ﬂ) -k
2

Int . 1 . abs
F1 Ax'"if(X, 5Coin, 42) : (m, k)
2

m=[n+1 k=42
X:mbkyx:n+1 42 k

i
X1 mty if(X, 3Coin,42) : k °
abs
Fi Ax™C.if(X, 2Coin, 42) : (m, k)

(o)
[[Once]](mya) = Z w(m) = ([n+ 1]: 42)
(. m ,a)

’

7kOnce:(m,a)

1111

1

2

1

2 .
1withneN
0 otherwise.
Tasson (PPS, Paris 7)
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Examples Once = AxI"t if(x, $Coin, 42)

T T

'_[[Once]](m,k) Once : (m, k) re |_[[Pﬂa P:a

V(a,i) e m
app

re }_[[Once]](m)k) [aemlPl, (Once) P:k
Composition Formula:
[(once)P], = Z [[Onceﬂ mk) H [[P]]a
me M;(N) (a,i)em
Computation:

([0}, 0) 3
_J(0], 1) =3
[oncel = § ([a]. 42) 1 ifa# 0
( ) —0 otherwise.
Power Series:

[(once)P], = [(Once)P], = % [Pl,
[(once)Pl, = ) IPl,
a>1
[(once) P], = 0 otherwise
Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013
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Examples Twice = At if(x, 1f(X, 1Coin, 42), if(x,42,0))

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013 14/23



Twice = At if(x, 1f(X, 1Coin, 42), if(x,42,0))

Examples
=10] k=01
X:pkix:0 ] %Coin:k
= [0] 2 .
-~  var . T ifo
xX:mbkyx:0 X:phkq if(x,5Coin,42) : k
2 .
if
X m—|—p}—1 if(x, if(x, 3Coin,42), if(x,42,0)) : K °
b
-y ATE(x £ (x, SCoin, 42), i£(x,42.0) £ (m + p.K) o

([0,0], 0) =3
([0.0], 1) w3

[Twice]=< ([0,a],42) —1+1ifa#0
([ab], 0) 1  ifa#0,b#0
( , a)—0 otherwise.

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013
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Examples

p=In

Twice = At if(x, 1f(X, 1Coin, 42), if(x,42,0))

+1]

m = [0]

X:pkyx:n+1

F142:42

— var
X:mkyx:0 X:phkq
2

if(x, 3Coin,42) : 42

X:m+ phy if(x, if(x, JCoin, 42), if(x,42,0)) : 42

Tnt . . 1~ - . - abs
F1 Ax*°°if(x, if(X, 3Coin, 42), if(x,42,0)) : (m+ p,42)

([0,0], 0) 3
(.01 1) -1
[Twice] =< ([0, @], 42) 1
([a,b], 0) —1
( , a)—0
Tasson (PPS, Paris 7)

Coquas Tutorial
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Examples Twice = At if(x, 1f(X, 1Coin, 42), if(x,42,0))

p=[0]
m=[n+1] X:pkyx:0 142 : 42 "
X:mby x:n+1 X:phkq if(x,42,0): 42 s
2

ifs
X:m+ phy if(x, if(x, JCoin, 42), if(x,42,0)) : 42
abs
F1 AXTAE(X, if(X, 3Coin, 42), if(x,42,0)) : (m+ p,42)

([0, ’
| (0.0, 1) =3
[Twice]=1< ([0,a],42) —1+1ifa#0
([a,b], 0)—1 ifa#0,b#0
( , a)—0 otherwise.
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Examples Twice = At if(x, 1f(X, 1Coin, 42), if(x,42,0))

p=Im+1]

m=[n+1] X:pkyx:m+1

X:mbkyx:n+1

F10:0 |
: ifs
x:pkq if(x,42,0):0

2

if

X:m+ phy if(x, if(X, JCoin, 42), if(x,42,0)) : 0 °
bs
1 AX AE(X, 1£(x, 1Coin, 42), i£(x,42,0)) : (m + p.0)

([0,0], 0) =}
| (10,01, 1) =3
[Twice]=1< ([0,a],42) =1 +1ifa#0
([a,b], 0) 1 ifa#0,b#£0
(m,a)~0 otherwise.

Tasson (PPS, Paris 7) Coquas Tutorial
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Examples Twice = At if(x, 1f(X, 1Coin, 42), if(x,42,0))

T T

—=V(a,i)em
Fo Twice : (m, k) Frep, X 2 @

app

FIITWLCG]](m,k) acmlPla (Twice)x kK
Composition Formula:

[(Twice)Pl, = > [Twice]m 11 171,
me M;(N) (a,i)em

Computation:

([0,0], 0) }—>%

([070]7 1 )HE

[Twice] § ([0, a],42) —2ifa#0

([a,b], 0)—1ifa£0,b#£0

( m , a)—0 otherwise.
Power Series:

[(Twice) x],

X+ D XL X,

[(twice)x], = 1[I

[(Twice) x],, 2 " [x], 41,

a>1

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013
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m=[a]
X:mhkyx:a o
o 1= abs o V(a, i) € m
Fi Ax%.x 2 (m, x) Fo fix(AX".X) : a .
X

Fo fix(Ax?.x) : a

Definition
Let M be a PPCF term such that ' = M : A. The weighted relational semantics is :

ML = > w(x)

7:[*=M:a

The sum is over the finite derivation trees 7w of I'* - M : a.

Theorem (Adequacy)
Let M : nat be a closed program. Then for all n, Proba(M = n) = [M], .

[£ix(Ax*.x)] =0



Examples choose() = fix(AxA.X)

m=[a]
X:mkyx:a var
— 12 abs — V(a,i)em
F1 Ax™.x : (m, x) Fo fix(AX".X) : a i
X

Fo fix(AX*.x) : a

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013 16/23



Examples choose() = fix(AxA.X)

m=[a]
X:mbkyx:a :
abs
Fi AxA.x : (m, x) Fo fix(Ax?.X) : a
Fo fix(AX*.x) : a

var

V(a,i)em

fix

Definition
Let M be a PPCF term such that ' = M : A. The weighted relational semantics is :
IMIZ = > w(m)
m:l*=M:a

The sum is over the finite derivation trees 7 of I'* - M : a.

Theorem (Adequacy)

Let M : nat be a closed program. Then for all n, Proba(M = n) = [M],,.

Conclusion: [£ix(Ax?.x)] =0

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013 16/23



Examples (waittt) 5Coin = fix(AX™"t.if(JCoin, x,0))
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Examples (waittt) 5Coin = fix(AX™"t.if(JCoin, x,0))

m = [&]

—_—var
Coin: 0 X:mkyx:a

Fq
2

X:mbky if(%Coin,X,Q) - a
2

1
2

ifo

s

Int 1 abs ] (37 I) € m
F1 Ax™™.if(5Coin, x,0) : (M, a) Fo, fix(AX™"".if(3Coin, x,0)) : a
2
- e (Axt ie(] . 0)) : fix
e fix(Ax"".if(5Coin, x,0)) : a

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013 17/23



Examples (waittt) 5Coin = fix(AX™"t.if(JCoin, x,0))

m = [a]
— — — var
k1 3Coin: 0 x:ml—1x:av
2 .
- 1 lf()
X:mkbk4 if(5Coin, x,0): a
— abs 8 (aiyem
F1 Ax™™.if(5Coin, x,0) : (M, a) Fo, fix(AX™"".if(3Coin, x,0)) : a
: . Int :e(1 . fix
'_%I—L-ai fix(Ax"".if(5Coin, x,0)) : a
— _m=1l
F 4 %Coin:1 X:mtH10:0
2 .
] ifs
X:mkbkq if(5Coin, x,0): 0
2 T .
abs {a-h-e-
i )\XI“t.if(%Coin,X,Q) : (m,0) & e ; A
2
. Int - 1 . fix
Fq fix(Ax*"*.if(3Coin, x,0)) : 0

5 Hier

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013 17/23



Examples (waittt) 5Coin = fix(AX™"t.if(JCoin, x,0))

x:[]F1 if(4Coin,x,0): 0
2

Int - 1 : abs
)—% Ax'Tif(3Coin, x,0) : ([1,0)
- ——var fi
F1iCoin:0  x:[0]F; x:0 1 fix(AXiE(SCoin, x,0)): 0
2 ifo 2
x:[0] 4 if(%Coin,X,Q):O K
Int -2 1 B bs . Int 1 .
F1 Ax*"".if(5Coin, x,0) : ([0],0) F 1 fix(Ax™"".if(3Coin, x,0)) : 0
2 ok
fi
F 1 £ iE(1Coin, X,0)) : 0 *
SR

=1

[£ix(Ax"™if(sCoin, x,0)], = > 5
k=0

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013 17/23



Examples
choose(My, ..., My 1) = if((rand)n+ 1, My, 1, choose(My, ..., My))
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Examples
choose(My, ..., My 1) = if((rand)n+ 1, My, 1, choose(My, ..., My))

oy (ral’ld)n+1 :0 '_[[Mn+1ﬂ M1 a

n+1

if;
oy o

if((rand) N+ 1, Myy1, choose(My, ..., Mp)) : a
m[[Mnﬂ]]a

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013 18/23



Examples

choose(Nﬁ,”.,N%+1%¥if«rand)n—%1,N%+hchoose(hﬂ,”.

oy (ral’ld)n+120 '_[[M H M1 a
T —_— 1], o

F o if((rand) N+ 1, Myy1, choose(My, ..., Mp)) : a o

m[[Mnﬂ]]a

1<k<n 1<j<n

F 1 (rand)n+1:k F4 choose(My,...,Mp) : a

i a1, ¢
Foyog if((rand) N4 1, Mpyy, choose(My,...,My)) :a ~°

w1 n M. —

Tasson (PPS, Paris 7) Coquas Tutorial
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Examples

choose(Nﬂ,”.,N%+1%¥if«rand)n—%1,A@H4,choose(hﬁ,”.

oy (ral’ld)n+120 '_[[M ﬂ M1 a
T —_— 1], o
F o if((rand) N+ 1, Myy1, choose(My, ..., Mp)) : a o
m[[Mnﬂ]]a
1<k<n 1<j<n
F 1 (rand)n+1:k F4 choose(My,...,Mp) : a
5l a1, ¢
Foyog if((rand) n+ 1, Mps1, choose(My,..., M) :a ~°
Ml —
n n
[choose(My,...,Ma1)l, = n% [Mniq], + ,71? ZZ LM,
k=1 j=1

n+1

= a2 M,
=1
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Break

@ Rt-weighted semantics for Probabilistic PCF.
@ Intersection type system for computing semantics

@ D. de Carvalho. Execution Time of A-terms via denotational Semantics and
Intersection Types. Preprint, 2009.

@ T. Ehrhard, M. Pagani, C. Tasson. Probabilisitc Coherence Spaces are Fully
Abstract for Probabilistic PCF. Preprint, 2013.

@ Interpretation of terms as power series (Quantitative semantics)
@ J.-Y. Girard. Normal Functor Power Series. Ann. Pure Appl. Logic, 1988.

@ T. Ehrhard. Finiteness Spaces. Math. Struct. Comput. Sci., 2005.

Next Part:
@ Proof of Full Abstraction
@ Topology and Quantitive Semantics, some examples
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Towards Full Abstraction, testing terms with parameters:

Vae |Al, P(a): A= Int,

N(a): A

If a € |Int| then a= nand
P(n) = A 4f(x = 0,0, Qint)

Ifac|B= C|thena= ([b1,..4,bn]7,c) and
P(a) = A2°7C.(P(c)) ((2) choose(Xi - N'(b)-1)
N(a) = AXPE(ALy (P(b)) x, N (€), Q)

with Jf(/\?:1 Mj, N, P)=N Jf(/\:-":+1 M;, N, P) = it(Mp 1, if(Af_4M;, N, P), P)

i£(M = 0, N, P) = i£(M, N, P) (M = n+1, N, P)= if(M—1 = n, N, P)
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Towards Full Abstraction, testing terms with parameters:
Vae |Al, P(a): A= Int,
N(a): A

If a € |Int| then a= nand
P(n) = A 4f(x = 0,0, Qint)

Ifac|B= C|thena= ([b1,...,bnic) and
P(a) = A\2°7C.(P(c)) ((2) choose(X; - N (b1))i-+)
N(a) = AXPE(ALy (P(b)) x, N (€), Q)

) 0 : ‘ 1 - )
with E(AD_ M, N, P = N (AT M, N, PY = ie (M, i (AL M, N, P), P)

(M = 0, N, P) = i£(M, N, P) (M = nt1,N, P)=i(M—1 = n, N, P)

Theorem: For all a € |A|, [P(a)] and [N (a)] are power series in their parameters.
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Towards Full Abstraction, testing terms with parameters:
Vae |Al, P(a): A= Int,
N(a): A
If a € |Int| then a= nand
P(n) = AT 4f(x = 0,0, Q1ne)
n

If ae|B= C|thena=([bs,...,bn],c)and

P(a) = A\2°7C.(P(¢)) ((2) choose(Xi - N'(b))i-+)

N(a) = APAE(ALy (P(B) X, N (€), Qc)

) 0 ’ 1 . )
with i£(AD_ M, N, P)=N it (A M, N, PY = i5 (M, 5(ATL M}, N, P), P)

(M = 0, N, P) = i£(M, N, P) (M = nt1,N, P)=i(M—1 = n, N, P)

Theorem: For all a € |A|, [P(a)] and [N (a)] are power series in their parameters.
Let sk(a) be the monomial having of these parameters occuring with degree one.
The coefficient of sk(a) in:

[P(a)](m,) is non zero <= m=[4]

[N(a)], isnonzero < a =a
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Case Int : Compute coefficient of sk(n) = 1 in [P(n)]
with P(n) = Ax™t i (x = n,0, Q1ne)

The only possible proof tree:
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Case Int : Compute coefficient of sk(n) = 1 in [P(n)]

with P(n) = Ax™t i (x = n,0, Q1ne)

The only possible proof tree:

m= [n]
X mbixn " o0 ™
X:mkq if(x =n,0,Q10¢) : 0
b1 AT if(x = n, 0, Qiae ) - (M, 0)

ifp

Conclusion:

The coefficient of sk(a) in [P(n)] )

Tasson (PPS, Paris 7) Coquas Tutorial

abs

is non zero iff m = [n].
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Case B= C: Compute coefficient of sk(a) = [[1L; X; in [P(a)]
a=([by,...,bn],c) with P(a) = AzB=C.(P(c)) ((2) choose(X; - N'(b)),)

Induction Hypothesis 15(b):
The coefficient of sk(b) in:

[P(b)](m,0) is non zero <= m = [b]

[N(b)], isnonzero < b =b
Possible proof tree:
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Case B= C: Compute coefficient of sk(a) = [[1L; X; in [P(a)]
a= ([by,...,bn],c) with P(a) = Az8=C.(P(c)) ((2) choose(X; - N (b))

Induction Hypothesis 15(b):
The coefficient of sk(b) in:

[P(b)](m,0) is non zero <= m = [b]

[N(b)], isnonzero < b =b

Possible proof tree: TH(B): bj = b
[( )] '_ﬂ"j N(b,j) : bl/
m=[(p,c ., H
: (0 - AL
14(C): q = [d] z:mkyz:(p,c) l_leB- choose(X; - N(b))iq : bj -
F, P(c) : (q,0) z:mkbg (Z) choose(X; N(b,)) app

Z:Mbqaa (P(€)) (2) choose( Xi- N(b),
Fask(a) A2°7C.(P(c)) (2) choose(X; - N(bi)) -(mao)

abs

Conclusion: The coefficient of sk(a) in [P(a)], o) is non zero iff m = [([bx, ..., bn], C)]

[P(a)] a0 = Z w(r)
w=P(a):([a],0)
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Testing terms, towards Full Abstraction

Theorem: For all a € |A|, [P(a)] and [N (a)] are power series in their parameters.

Let sk(a) be the monomial having of these parameters occuring with degree one.
The coefficient of sk(a) in:

[P(a)](m,o) is nonzero <= m=[g]
[N(a)], isnonzero < a =a
Composition Formula:

[(P@)Ml, = S IP@lmo [I M

bem

If M has no parameter, then

The coefficient of sk(a) in [(P(a)) M]yis:  [P(a)], 0, [M]..

These testing terms and monomial extract the ath coefficient of [M].
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http://www.pps.univ-paris-diderot.fr/~tasson

Road Map

0 An Application of Quantitative semantics:
@ Full Abstraction

e Topological features
@ Probabilistic coherence spaces
@ Finiteness spaces
@ Convenient vector spaces
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Full Abstraction:

A Bridge between Syntax and Semantics.

“Full Abstraction studies connections between denotational and operational
semantics.” LCF Considered as a Programming Language, Plotkin (77)
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Full Abstraction in a nutshell

FA relates Semantical and Observational equivalences:

Abstraction
pd P ~o O

(VC[], C[P] =* v <= C[Q] =* V)

[PI =[]

<—
Fullness

How to prove Fullness:
@ By contradiction, start with [P] # [Q]
@ Find testing function: f such that f[P] # f [Q]

@ Prove definability:
3C[], VP, f[P] = [C[P]] and C[P] —™ p.

@ Conclude:
3C[L, [CIPI#[CIQAIl = p#q= P #. Q.
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Full Abstraction in a nutshell

Game Semantics vs. PCF:
@ Full abstraction

@ S. Abramsky, R. Jagadesen, and P. Malacaria. Full abstraction for PCF.
Information and Computation, 2000.

@ M. Hyland, and L. Ong. On full abstraction for PCF. Information and
Computiation, 2000.
@ Definability result:
any game corresponds to a Béhm tree (a PCF term in a canonical form).
@ A quotient of game semantics: f=9g < Vh, hf = hg
forces semantical equivalence to correspond to observational equivalence

Probabilistic Setting:
@ Probabilistic Games are fully abstract for Probabilistic PCF + References.

@ V. Danos, R. Harmer. Probabilistic game semantics. ACM Transactions on
Computational Logic, 2002.
@ R weighted relational semantics
@ T. Ehrhard, M. Pagani, C. Tasson. Probabilisitc Coherence Spaces are Fully
Abstract for Probabilistic PCF. Preprint, 2013.
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Probabilistic Full Abstraction: P.Q:A
Semantical Equivalence: [P] = [Q] with [P] : |A] = RT Uoco
vace|Al, [P],=[Ql,

Observational Equivalence: P ~, Q C[P]{*v < C[Q]{" Vv
vneN, VC: A= 1Int, Proba((C) P = n) = Proba((C) Q = n)
Example:
fix(AXI"Eif(JCoin, x,0)) %o fix(Ax"".if((Rand) 3, x,0)).
Application of Adequacy Theorem: Proba(P = 0) = [P],
[£ix(Ax™.if(fcoin, x,0))], =
[£ix(AX"™ . if((Rand) 3,x,0))], =

= =
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Full Abstraction :

FA relates Semantical and Observational equivalences:
LetP,Q: A

vace A, [Pl, =[Q],
Abstraction |} 1} Fullness
VC: A= Int, Vn€ |Int|, Proba((C) P = n) = Proba((C) Q = n))

Abstraction proof:

@ Apply Adequacy Theorem : vn, Proba((C)P = n) = [(C) P],.
@ Apply Composition Formula:
vn [(C)Pl, = > [Cly, []1PIZ*
meM;(|A]) aem
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Full Abstraction :

FA relates Semantical and Observational equivalences:
LetP,Q: A

vace A, [Pl, =[Q],
Abstraction |} 1} Fullness
VC: A= Int, Vn€ |Int|, Proba((C) P = n) = Proba((C) Q = n))

Abstraction proof:

@ Apply Adequacy Theorem : vn, Proba((C)P = n) = [(C) P],.
@ Apply Composition Formula:
vn [(C)Pl, = > [Cln, []IPIZ?
meM;(|A]) aem
= > G, ]l@r® = al,
me M;i(|A]) aem
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Full Abstraction :

FA relates Semantical and Observational equivalences:

LetP,Q: A
vae |4, [P], =[0I,
Abstraction |} 1} Fullness
VC: A= Int, Vn€ |Int|, Proba((C) P = n) = Proba((C) Q = n))

Abstraction proof:

@ Apply Adequacy Theorem : vn, Proba((C)P = n) = [(C) P],.
@ Apply Composition Formula:
vn [(C)Pl, = > [Cln, []IPIZ?
meM;(|A]) aem
= > G, ]l@r® = al,
me M;i(|A]) aem

Example:  fix(Ax'"*.if(Coin, X, 0)) ~ 0.

[Eix(Ax™".if($coin, x,0)], = [0], =1.
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Full Abstraction :

FA relates Semantical and Observational equivalences:
LetP,Q: A

vac Al [P, = [Ql,

Abstraction |} 1} Fullness
VC: A= Int, Vn€ |Int|, Proba((C) P = n) = Proba((C) Q = n))
Fullness proof:

@ By contradiction: 3Jac |A], [P], # [Ql,

@ Find testing context: T,: A= Int suchthat [(Ta) P], # [(Ta) Q,
© Prove definability: T, € PPCF

© Apply Adequacy: Proba((7,) P = 0) # Proba((7.) Q = 0).
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Find a testing context: Base Case

Assumptions Goal
@ P,Q:1Int @ Tp:Int = Int
° [P, #1QI, ° [(Tn) P, # [(Tn) Qlo
Choose

_ Int . _ [[T"]][n],o =1
If Th = Ax"""if(x = n,0,Q1ne) Then { [Tlny =0  otherwise

Conclude by Composition Formula, (T Plo= > [Talno ] 1PIZ®

me M;(|A]) aem

[(To) Plo = [Tl 0 [Tacn [P13® = [P], # [Q1, = [(Ta) Ql,
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Find a testing context: Induction Case

Assumptions
e PQ:B=CcC
@ a=([by,...,bn],c)

° [P, #[ql.,

Composition Formula:

Choose:

Power Series:

Goal:
@ T,:(B=C)=1Int

o [(Ta) Pl # [(Ta) Ql,

[(Ta) Pl =

>

me My(|A[)

[Tamoy [T [P1Z®

acm

AZB=C (P(c)) ((2) choose(X; - N(b))14),
B AE(AL (P(B)) x, N(c), Q).

is a power series in X

[a]

vm, [P@X)]
with coeff of [JX #£0 < m=

[(P@x)

[Pa],,

N——

P]] is a power series in X with

Pﬂa as coeff of [ X.

Tasson (PPS, Paris 7)
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Find a testing context: Induction Case

Assumptions
e PQ:B=CcC
@ a=([by,...,bn],c)

o [P, #[Ql,
Composition Formula:

Choose:

Power Series:

Goal:
@ T,:(B=C)=1Int

° [(Ta) Pl, # [(Ta) Ql
° [[Taﬂ(m,o) #0& m=|q

(T)Plo= > [Talimo [ P12

meM(|Al) aem

AzB=C (P(c)) ((2) choose(X; - N(b))14),
B AE(AL (P(B)) x, N(c), Q).

is a power series in X

vm, ﬂP(a)()?)H -

Tasson (PPS, Paris 7)

with coeff of [IX#0 < m=|4
[KP( )()?)) P]] is a power series in X with
[[ )?]] Pﬂa as coeff of [T X.
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Finding a testing context : Definability

Summary:
@ In the power series [[(P(a)()?)) PHO, the coefficient of [T X is

[P@X)] , , [Pl € RY U foo).

e Since [P], # [Ql,, we have [[73( )()?)]] 1P, # Hp(a)()ﬂ()ﬂ([a]vo) [Ql..
° [[(P(a)()?)) P]] and [[( ) ]] are power series with distinct coefficients.
Definability: Find X € [0, 1]™ then P(a)(X) in PPCF

such that [[(P(a)(X)) P]]O £ [[(P(a)(X)) o]]o

By contradiction:
@ If they were equal, their derivatives near zero would be equal.
@ Coefficients of power series are computed by derivation at 0.
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Finding a testing context : Definability ERRORs

Summary:
@ In the power series [[(P(a)()?)) PHO, the coefficient of [T X is

[P@X)] , , [Pl € RY U foo).

e Since [P], # [Ql,, we have [[73( )()?)]] 1], # HP(a)()ﬂ()ﬂ([a]vo) [Ql..
° [[(P(a)()?)) P]] and [[( ) ]] are power series with distinct coefficients.
Definability: Find X € [0, 1]™ then P(a)(X) in PPCF

such that [[(P(a)(X)) P]]O £ [[(P(a)(X)) o]]o

By contradiction:
@ If they were equal, their derivatives near zero would be equal.
@ Coefficients of power series are computed by derivation at 0.
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Finding a testing context : Definability ERRORs

Summary:
@ In the power series [[(P(a)()?)) PHO, the coefficient of [T X is

[P@X)] ,, 1Pl e B U oo},

(1a,0
(al,0) (al,0)
° [[(P(a)()?)) P]] and [[(P(a)()?)) Q]] are power series with distinct coefficients.

a a’ a a°

Definability: Find X € [0, 1]™ then P(a)(X) in PPCF
such that [[(P(a)(X)) P]]O # [[(P(a)(X)) o]]o

By contradiction:
@ If they were equal, their derivatives near zero would be equal.
@ Coefficients of power series are computed by derivation at 0.
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Finding a testing context : Definability AnERRCE

Summary:

@ In the power series H( (a )()?)) PHO, the coefficient of [T X is
ﬂ [P], € R* Ufee}. = PCOH

H ([],0)

e Since [P], # [Ql,, we have HP(a)(X)H([ay’O) [Pl # HP(a)(X)ﬂ([a]ro) [Ql..
° [[(P(a)()?)) P]] and [[(P(a)()?)) Q]] are power series with distinct coefficients.
Definability: Find X € [0, 1]™ then P(a)(X) in PPCF

such that [[(P(a)(X)) P]]O £ [[(P(a)(X)) o]]o

By contradiction:
@ If they were equal, their derivatives near zero would be equal.
@ Coefficients of power series are computed by derivation at 0.
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Non degenerate Quantitative Semantics:

o Probabilistic Coherence Spaces (Pcoh)

ﬁ J.-Y. Girard. Between logic and quantic: a tract. Linear Logic in Comput. Sci.,
2004.

ﬁ V. Danos, and T. Ehrhard. Probabilistic coherence spaces as a model of
higher-order probabilistic computation. Inf. Comput. Sci., 2011.
@ Finiteness Spaces
@ T. Ehrhard. Finiteness Spaces. Math. Struct. Comput. Sci., 2005.

@ Convenient Vector Spaces

¥ H. Kriegl, and P. Michor. The convenient setting of global analysis. American
Mathematical Society, 1997.

@ R. Blute, T. Ehrhard, and C. Tasson. A convenient differential category.
Cahiers de topologies et de géométrie différentielles, 2012.

@ M. Kerjean. Complete vector spaces as a quantitative and topological model
of DiLL. Master report, 2013.
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A Probabilistic Orthogonality

Orthogonality: x,y € (R,

xLly < ) xaya€[01].

ac|A|

Given a set P C (R™)!" we define P+, the orthogonal of P, as

Pr={y e ®)¥|vxeP (x|y)< 1}

Probabilistic Coherence Space: X =(|X],P(X))
where |X| is a countable set

and P(X) C (R*)!*!
such that the following holds:

closedness: P (X)L =P (x),
boundedness: Va € |X|,3u > 0,Vx € P(X), xa < p,
completeness: Va € |X|, 3\ > 0, Aea € P(X).
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Types as Probabilistic Coherence Spaces

Objects of PCoh: X = (|x],P (X))
where |X| is a countable set
and P (X) C (R*)!*!

Type Example: ’ [Int] = (N, P(Int) = {(An) | 5, A < 1}) \

Data Example: if M : nat, then [M] € P(Int) C (RT)"
is a subprobability distributions.

Coin:

=
[=)
+
=
|—

[coin] = (%, %,O, .. )
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Programs as Probabilistic Coherence Maps

Maps of PCoh: fo(1xX],P (X)) = (|[V[,P(Y))

defined as a matrix Mat(f) € (RT)M(IXDx1YI

thanks to Composition Formula:
fx)= 3 Mat(f)y - x" with x" = J[ x@

me M;(|A]) aeSupp(x)

f can be seen as an entire function f : (R*)!*l — (R*)V!

preserving probabilistic coherence, f(P (X)) C P(Y)

Example: if P: Int = Int, then [P] : (RN — (RT)Y
is an entire function preserving subprobability distributions.

A model of Probabilistic PCF,
same interpretation of terms as in the R*-weighted relational model.

Tasson (PPS, Paris 7) Coquas Tutorial Logoi, Torino 2013 15/20



Example of Programs in PCoh

[[rne] = (NP (1) = {On) | S, 0 < 1)) |

Once : Int = Int An if n=0 then 42 else Coin
[once]l (x)o = 3 ps1Xn
[Oonce] (x)1 = % 21 Xn
[once] (X)s2 = xo
Twice : Int = Int An if n=0 then 42 else Random n
k k+1
[twice] (X)x = Z —xpxq+z D (5 + D)Xoxq, if k # 42
p=1qg>k+ p= 1q>k+1
[Twice] (X)a2 = Xo +Z > 1Xqu+Z DG+ )Xoxq
p=19g>43 p=1g>43
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i

Finiteness Spaces K a discrete field

Non deterministic Orthogonality: x,y e KA.

xly — Z Xaya < finite
ac|A|
< |x|N|y|finite
where |x| = {a € |X]| s.t. xa # 0}.

Given a set F € P(]A|) we define F*, the orthogonal of F, as
F-={u C |A|| Yu € F un v finite}.

K(X) = {veK¥ st |v|e F(x)} C K¥

. ol Xl

Finiteness Space: X = (|xX], F (X))
where | X| is a countable set

and F (X) C P(|X])

such that F (X)11 = F (),
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Finiteness Spaces

Finitary Maps: fo(x], F (X)) — (1Y, FQ))

defined as a matrix Mat(f) ¢ KMi(I¥Dx1VI

thanks to Composition Formula:

f)= > Mat(f)m-x" with x™ = ] xm(a)

me M;(|A]) aeSupp(x

f can be seen as an entire function 7 : K/*! — KM

preserving finitary coherence, f(K(X)) C K()

K(X) is a Topological Vector Space with linearized topology.

A model of Controlled Non determinism with iteration but no fixpoint.
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Convenient Vector Spaces

No basis:
@ Quantitative semantics inspired by Linear algebra and Calculus.
@ Interpret more complex data types than bool and Int.
@ Difficulty: a cartesian closed category of vector spaces with infinite dimension.

Models of Differential and Classical Linear Logic

Objects : Complete Locally Convex Vector Spaces over R or C.

Maps : Smooth maps, meaning preserving smooth curves.
or Holomorphic maps, meaning preserving holomorphic curves
or Power series, meaning converging sums of monomials
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Conclusion

@ R weighted relational models :
» Quantitative properties of programs are encoded by coefficients in 9.

@ PCOH a fully abstract model of probabilistic PCF:

» Programms as power series
» Semantics computed via intersection type system.

@ Topological models of classical and differential linear logic:

» Finiteness spaces (linearized topology)
» Convenient vector spaces (usual topology, and new morphisms).
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